4 Geometric thinking
In this chapter, we look at examples of students’ work
in geometry and start with an account of a lesson
involving a top set Year 10 class. The lesson began
with a quick recapitulation by the teacher of some
of the more familiar circle theorems. The teacher
displayed a page showing four of the theorems on
her whiteboard, taken from commercially produced
materials (see below). Interestingly, the order in
which the theorems are listed seems to be based on
the simplicity of the results rather than on the order
in which one might prove the theorems. (Of course,
there is no unique order in which the theorems must be
proved, though usually Theorem 1 is used in the proof
of Theorem 4, which is then used to derive 2 and 3. We
say more about this later.)
The students were then asked to tackle some questions
from past GCSE papers (which had been compiled
by another teacher for a lesson with a lower attaining

Year 10 class, which the current teacher and myself
had observed - see later). The students mostly worked
in pairs and I focussed on one pair, Lorna and Kerrie.
(Kerrie had recently joined the class from a lower set
and was rather diffident; thus Lorna did most of the
talking and writing, though Kerrie did seem actively
involved in the work.)
Prior knowledge and using the givens The students’
attempts to develop a proof argument raised a number
of issues concerned with what is given and what is
known, including:
• The prior knowledge, including theorems, that can
		 be assumed to be true
			 • different ways of proving the same result,
				 eg, going back to first principles or using
				 other theorems
			 • ordering this knowledge, ie using some
				 relationships and theorems to prove
				 others (systematising)
• Determining what information is given in the
		 diagram and text
			 • interpreting diagrams correctly (not reading
				 information from the diagram that is not
				 necessarily true, ie not making unjustified
				 assumptions)
			 • finding ways of expressing and using what is
				 explicitly or implicitly given.

The class started
with this question
(right), in which the
students are asked to
find
(a) angle CBA and
(b) angle CDA.
Lorna and Kerrie had
little difficulty with
part (a) and Lorna
wrote a clear and
precise explanation:

However, the girls did not immediately know what
to do for part (b). After a while, Lorna started almost
absentmindedly to add lines to the diagram. First
she sketched a horizontal line through O. Then she
extended CO. Finally, and much more
firmly, she drew the radius OD.
Quite how deliberate and thought-through
this move was I do not know. However,
it was a dramatic moment as it made
explicit that D is on the circle, so that the
property can now be used. Lorna then
drew marks on the lines OC, OD and OA
to show that they are the same length and
wrote “All radii in a circle are equal”. Her diagram
is shown below (though the line through B, O and D,
which obscures her initial construction line OD, had
not been drawn at this stage).

Lorna then decided that OD bisects angle COA. Of
course this is not necessarily the case and nor does it
look particularly true. (When she was later questioned
about this, she used a wonderful bit of reverse logic
to argue that it could be true even if it didn’t look
it, since we are told that the diagram is “Not drawn
accurately”!) As far as Lorna was concerned, she now
had two isosceles triangles, each with an angle of 50˚
and thus with base angles of 65˚. In turn this meant that
the desired angle at D is made up of two angles of 65˚,
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giving a total of 130˚. This is Lorna’s working, which
though it lacks explicit reasons (‘warrants’) for each
step is again laid out very clearly:

Lorna’s approach could have led to a general and valid
proof if, instead of claiming that her construction line
had partitioned the 100˚ angle into two angles of 50˚,
she had denoted these angles by, say, x˚ and 100–x˚, or
50˚+x˚ and 50˚–x˚. Interestingly though, and perhaps
bizarrely, her result is correct despite the unwarranted
assumption. The same applies to a method reported by
another student during a feedback stage of the lesson.
That student claimed that BD is a diameter and that
therefore the angles A and C in ABCD are both 90˚; in
turn this means angle D is given by 360˚ – (90˚ + 50˚
+ 90˚) = 130˚. Effectively, what Lorna and this student
were doing is specialising, ie considering a special case
that does not violate the givens, even if it is not always
(ie necessarily) true.

Using special cases to explore or ‘test’ a situation, and,
in particular, to find examples to disprove a proposition
(ie counter examples), is a familiar proof strategy.
However, using special cases to prove a general
proposition is a strange and subtle matter (ie under
what circumstances can you specialise but still reach a
general conclusion?), and something that teachers may
not want to dwell on with most students.
Nonetheless, it surely is important to make students
aware of where they have specialised, ie that the
assumptions they have made are not generally true.
An obvious way of approaching this is with dynamic
 The same phenomenon was observed by Lopez-Real and
is discussed in Johnston-Wilder and Mason (eds), 2005,
Developing Thinking in Geometry, pages 55 - 56.
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geometry software**. A simpler approach is to ask
students to draw versions of the diagram, be it on
paper or the whiteboard, which look different but still
fit the givens and then to compare and evaluate them
- of course it would be a pity if the dynamic element,
of changing a diagram by a succession of small
increments, is lost, with the various drawings seen
merely as a random selection of snapshots. (Some of
the difficulties students have with drawing diagrams
are considered later in this chapter.)
Perhaps the most significant aspect of Lorna’s work
was the construction of the radius OD, which opened
the door to a solution based on familiar geometric
properties of isosceles triangles. There may have been
an element of luck about Lorna’s construction, but
being able to see such lines, and hence reveal latent
properties, is a crucial part of proving in geometry.
This is an issue that has been explored in a particularly
interesting way by another one of the project teachers.
He developed an approach where students solved
proof tasks in groups but where initially they working
on their own, with each student in a group having
a slightly different version of the same task, with
different numbers of hints. For one set of tasks he
based his variants on a Levels 6–8 SAT question about
Angle in a semicircle. The different versions are shown
below (here and on the next page).

Version 1

Version 1 shows the original SAT question (all the
versions given to the students were on an A4 sheet,
giving plenty of space for working). It is highly
structured, and some students may be able to work
through it with relative ease, but without necessarily
appreciating the nature or power of the structuring
**  Though this is far from unproblematic: creating a version
of a diagram that can be dragged while preserving the given
properties, throws up its own challenges which, though
potentially very productive, may get in the way of the current
aims unless students already have considerable expertise.

Version 2

Version 3

Version 4

Version 5

that has been done for them. The other versions
have progressively less structure and fewer hints,
and Version 5 lacks even a diagram. As with Lorna’s
construction of the extra radius, a crucial step for this
task is to join the point on the semicircle to the centre,
as suggested in the hint in Version 3. Thus the rationale
behind the design is that as students start to compare
versions and to discuss their solutions (or lack thereof)
they will begin to appreciate the power of some of the
hints, and the difficulties that arise in their absence, and
so begin to develop the strategic thinking needed to
produce such hints for themselves.
Returning to the lesson with Lorna and Kerrie, after
about 6 minutes of working on the question in pairs,
the teacher asked students to explain their method on
the board. Three explanations were heard in all, the last
of which involved the unwarranted assumption that

BD is a diameter, discussed above. The first student
to come to the board used the fact that ABCD is a
cyclic quadrilateral to find angle D (opposite angles of
a cyclic quadrilateral are supplementary, so D = 180˚
– 50˚). The second student (see below) used the same
theorem, Angle at the centre, as had been used to find
angle B in part (a), except it was now “the other way
round”, ie
angle D is
half the reflex
angle at O,
and so is half
of 260˚.
Sharing
methods in
this manner
is a powerful
teaching
device. For
a start, it
conveys
the fact that
there can
be different
ways of
tackling a problem and that it is not simply a matter of
finding and learning the ‘official’ way: students’ ideas
(whether right or wrong) are worth taking seriously and
provide a means of developing understanding; they can
also be original and surprising.
Seeing alternative methods also opens up powerful
questions about mathematical systems and deductive
arguments. For a start, the existence of alternative
routes would suggest that the mathematical system
consists of a complex network of relationships rather
than a simple, linear hierarchy. In turn this suggests
that, at a minimum, we ought to state the relationships
that we are using (ie assuming to be true) and to
map the route we are taking through them when
constructing a mathematical argument. However, it
also raises the unnerving prospect that what we take as
given may in some sense be arbitrary.
Systematising How far one pursues these issues
depends on how systematic one wants to be when
proving a family of theorems. For example, in proving
 At a recent teachers’ meeting we were discussing proofs

for the interior angle sum of a triangle. One teacher said
she had always found that students were more familiar with
the angle sum of a triangle being 180˚ than with the sum
of angles on a straight line being 180˚. She thus felt the
former should be used to prove the latter, rather than the
other way round. This seemed a bizarre idea (and probably
pedagogically unsound) - however, it would be a perfectly
legitimate way to organising the geometric relationships as
long as the assumptions involved in the ordering are made
explicit.
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the circle theorems, it is possible to adopt a relatively
simple approach which involves just ‘local axioms’.
Here one takes as given (ie as true) a small (but
not necessarily minimal) set of basic relationships
concerning, say, parallel lines, angles and triangles,
which are then used to derive all the desired theorems.
However, having derived one theorem it can be quicker
to derive another theorem from it, rather than by going
back just to the set of basic relationships. But if one
can go from the basics to proving theorem A and from
theorem A to proving theorem B, then one is also likely
to be able to go from the basics to B to A. Thus, if
one does not keep track of the routes taken, there is a
danger of developing a set of arguments some of which
are circular. Consider, for example, two theorems that
cropped up earlier, which we shall call A and B:
Theorem A: the angle at the centre is twice the angle at
the circumference
Theorem B: opposite angles of a cyclic quadrilateral
are supplementary.

might well want to impose an agreed order on the
theorems (as was done on a larger scale in Euclid’s
Elements), while acknowledging that this ordering is
essentially arbitrary. However, as far as students up to
and including Key Stage 4 are concerned, we would
probably not take this systematisation very far, if we
embark on it at all.
Giving students time to think We return to Lorna
and Kerrie and their work on another GCSE question.
Its diagram is shown here (below). AOB is a diameter,
TCS is a tangent
angle ABC = 57˚,
and we are asked
to find (a) angle
CAB and (b)
angle ACS.

Both theorems can be proved from ‘first principles’ and
let us assume we have done this for Theorem A. Then
theorem B can be derived from A as follows:

The girls quickly
realised that
angle ACB is
90˚ (Angle in a
semicircle) and
they solved part (a) without any difficulty. Lorna’s
working/explanation is shown below.

n = 2a (Angle at centre).
m = 2c (Angle at centre).
m + n = 360 (Angle at a
point).
So 2a + 2c = 360,
so a + c = 180.
Similarly for the opposite
angles at B and D.

They found part (b) far more challenging and it is
interesting to examine how they eventually arrived at a
solution via various blind alleys, prompts from me and
occasional flashes of insight.

A

B

a
m
D

n

O

c
C

Theorem B can also be been proved from first
principles, and Theorem A could then be derived from
B as follows:
a1 = u and a2 = v (Base
A
angles of isosceles
v
a1 a2
triangles).
So m = 360 – a1 – a2
m
O
– u – v (Angle sum of
u
n
D
quadrilateral),
so m = 360 – 2a1 - 2a2
c
so m = 360 – 2(a1 + a2).
C
But a1 + a2 = 180 – c
(Opposite angles of cyclic quadrilateral),
So m = 360 – 2(180 – c) = 360 – 360 + 2c = 2c.
Similarly n = 2a.
If, therefore, we want to develop a complex network
of theorems, with some theorems used to prove
others, then, on the one hand it is important to know
that there is not a unique way of doing this. On the
other hand, to avoid confusion and circularity we
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B

A powerful strategy for solving such tasks is to adopt a
dual approach of i. working forwards from the givens
and ii. working backwards from what one is required
to find or prove. So, with regard to the first approach,
what do the givens ‘mean’ mathematically and what
can be deduced from them? Thus, for example, the fact
that point C is on the circle means that angle ACB =
90˚ (Angle in a semicircle); it also means that OC is a
radius (which in turn means that OC = OB, that AOC is
an isosceles triangle, that angle OAC = OCA ...). Also,
the fact that TCS is a tangent means that angle OCS
is a right angle. Thus the givens imply a variety of
properties, some of which may seem quite hidden, and
which form a complex web of relationships through
which a path has to be found to reach the desired
conclusion.
The second approach, of working backwards from the
conclusion, involves asking questions like “What do
I know about what I am trying to find?” and “What
would it be useful to know?”. Thus regarding angle
ACS, we know, for example, that angle ACB, which
forms part of the angle, is 90˚, so we could find the
whole angle if we knew angle BCS.

Lorna may have had some intuitive sense of this latter
strategy as she spent some time tracing back and forth
over the arc representing the angle ACS:

However, it does suggest that her construction lines
were drawn more in the hope than in the confident
knowledge that they would reveal something. Indeed,
when I asked Lorna why she had drawn OS she merely
replied, “Don’t know - to see whether it can help us”.
If one has nothing better, such a passive, ‘see what
emerges’ approach is a sensible default strategy.
However, in this case it did not seem to be getting
Lorna and Kerrie any further. They seemed to be stuck.

Further, she then traced over the Z-shape SCBO several
times and referred to the angles at C and B as ‘alternate
angles’:

The angle at B is given; so, if this could be used to find
the size of the alternate angle at C (ie angle SCB), and
with angle ACB known from part (a), it would then
be possible to find the required angle ACS by adding.
However, Kerrie correctly pointed out that the lines
SCT and BOA (ie the tangent and the diameter) are not
parallel, so the ‘alternate angles’ relationship is of no
help. (Angle SCB can also be found from the Alternate
segment theorem - it is equal to the angle CAB found
in part (a); this is presumably how part (b) was meant
to be answered, but neither student knew this theorem.)
After a while, Lorna drew the radius CO. She had
drawn a similar construction line in the earlier question
and, as we explained then, this is a potentially powerful
move, as it allows one to use the given information
about point C. However, it is doubtful whether Lorna
was fully aware of this when she drew the line, since
she quickly followed this by drawing the line OS:

The girls had not made any use yet of the given fact
that the line SCT was a tangent to the circle, even
though Lorna had drawn the radius from the centre
to the point C where the tangent touches the circle.
I therefore decided to
draw their attention to
the tangent. The ensuing
discussion about the
x
z y
various angles at C
(which for the sake of
clarity have been labelled
x, y and z in the diagram,
right), went as follows:
DEK
Lorna
DEK
Lorna
DEK
Lorna
DEK
Kerrie
DEK
Kerrie
DEK

Lorna
DEK

Lorna

In contrast to the radius, line OS can not carry any
useful information since the position of S is essentially
arbitrary (as long as it is somewhere on TC produced)
- it is there merely to enable us to name the tangent.
The notion that some points in a diagram are more
significant than others is very subtle and we should
not be surprised if Lorna was not fully aware of it.

DEK

Lorna
DEK

What is this line here (TCS)?
(0 min: 01 sec) A tangent.
Right.. What do we know about tangents...?
(0:12) 90 degrees from the centre, or something...
(0:16) Sort of ... you’re half way there.
(0:18) I’m not very good with tangents!
(0:21) What a thing to say, I’m not very good with
tangents! [Pause] (0:28) It turns out that... - doesn’t
look like it actually
(0:31) - so they are parallel!
(0:35) - those? Oh gosh, don’t know... you’ve got to
be careful to... [points to ‘Not drawn accurately’]
(0:39) - they don’t look parallel.
(0:44) Well it turns out that there’s a right angle
between the tangent and the radius [traces lines with
finger]. You happen to have drawn the radius, which
I think is a very neat idea... so we’ve got a right angle
there [points to x+y].
(0:58) - right angle here [she marks the right angle in
the conventional way].
(1:00) So what do we need to get our answer? [ie to
find the angle x+y+z in the above diagram] [pause]
(1:07) We want this whole angle, right? [traces arc
with finger to show x+y+z]
(1:09) - yes, wouldn’t this have to be 45? [points to
angle x] If you split this one in half [points to x+y]
you are left with 45 there [x] and 45 there [y].
(1:16) How do you know it is cutting it in half?
You’re using your idea of last time [of halving].
Don’t forget this point [C] can be kind of anywhere
along here really [traces along arc of circle].
(1:24) - yeh... [pause]
(1:30) If we know this bit’s 90 [points to angle x+y]...
4.

Lorna
DEK
Lorna
DEK
Lorna
DEK
Kerrie
Lorna

and you want to find that whole angle [traces arc with
finger to show x+y+z], what’s the bit we don’t know
yet? [hoping that she will point to z]
(1:38) What we don’t know is this bit [points to x].
(1:42) Well yeh, I don’t know that bit [x] but I know
that that bit [x] and that bit [y] is 90
(1:46) yeh... [pause]
(1:49) What’s the bit I still don’t know?
(1:53) Well that bit [points to x] and that bit [y] is 90
and that bit [z] and that bit [y] is 90, so that [z] will
have to be the same as that bit [x]
(2:01) - oh, right! Yes it would actually. That’s
brilliant. [Pause] (2:07) Can we find that bit [points to
z] ? [Pause]
(2:17) I’m getting lost...
(2:20) [Turns the question paper to face Kerrie, so she
can see more clearly] (2:24) Yeh, because these are
both radii [points to AO and OC] ...so this [triangle
AOC] has to be - um - isosceles [pause]. (2:33) So
this angle is the same as that angle [points to base
angles of isosceles triangle AOC] so this angle [at C]
must be 33 [writes “33˚” on diagram:]

Kerrie (2:38) -ah!
DEK (2:40) Very nice!
Lorna (2:44) And so altogether... [writes at side of diagram:
90 + 33 = 123]:

(3:01) [Writes formal answer in space provided]:
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This excerpt is only 3 minutes long, though when one
plays it through it seems to be full of uncertainties and
lengthy pauses - which we as teachers tend to find very
uncomfortable and do our best to fill! What is striking
for me about the excerpt is that my interventions
seemed to have little immediate impact, indeed they
seemed to be getting in the way of the students’ own
thinking. My aim was to draw out the fact that the
angle between the tangent TCS and the radius OC (ie
the angle x+y) is 90˚ and that all we then need for the
required angle (x+y+z) is to find the angle z. However,
as soon as I initiated the discussion about the tangent,
Kerrie interjected with “so they are parallel”. I was
somewhat thrown by this (and did my best to ignore
it!) but it suggests that she was still thinking about
the idea of alternate angles that we had discussed
several minutes earlier. Similarly, as I was trying to
focus on the idea that the required angle x+y+z can be
partitioned into x+y and z, Lorna seemed to be thinking
about the partition y+z (which we knew from part (a))
and x. Then, quite unexpectedly, she brought these two
viewpoints together with the sudden insight that if x+90
and 90+z describe the same angle (namely x+y+z),
then x must equal z. Astonishingly too, following this
insight the remaining steps in the proof seem to have
instantly fallen into place for Lorna. Thus, in response
to Kerrie’s plea for help (“I’m getting lost...”) Lorna
immediately embarked on an explanation of how to
find z.
Thus, although it can be said that I eventually
succeeded in my aim (at least with Lorna), this kind of
teacher-intervention is not a straightforward matter and
can easily disrupt the students’ own thinking. We need
to give students plenty of time to explore their own
ideas as well as to come to terms with ours.
During the class discussion that followed, two students
presented their proofs on the board. The first student,
probably to everyone’s surprise (including the teacher),
used the Alternate segment theorem in her proof, which
allowed her to state that the angle that I have called x
and the angle at A are the same. Asked to justify this,
she replied “I don’t know what rule it is, but they are!”.
The second student’s proof was essentially the same
as Laura’s, which he presented in a very clear, linear
way. He started by drawing the radius OC and then
marked the line segments OC and OA to show they are
the same length. Then, in the triangle OAC, he wrote
“33˚” for the size of the angle at A (which was found
in part (a)) and at C. Finally he used the conventional
notation to indicate that OCS is a right angle and wrote
“90 + 33 = 123”. This clear exposition was impressive
and it is likely
that most students
could follow the
steps involved and
hence ‘understand’

the proof. On the other hand, as with finished proofs in textbooks, this very clarity hides the proof’s origins, ie
the steps and thought-processes involved in its construction, which are likely to have been far from linear. Thus
a useful teaching activity would be to try to tease this out, by asking students (perhaps including those who were
not successful) to talk about the steps they took in the search for a proof. There was not time to do this in this
lesson, though some of the project teachers report that they have started to adopt this kind of approach in their
teaching, whereby they focus on the strategies for finding a solution, rather than on the solution itself.

Knowing the theorems The teacher who had
compiled the set of GCSE circle theorem questions
used in the above lesson, had tried some of them with
her Year 10 second set students - most of whom would
be taking the intermediate level GCSE exam in the
following year. I sat with a group of four students
(Alan, Anthony, Laura and Miles) who were working
on part (a) of a question with the diagram shown below
(O is the centre of the circle and TC is the tangent to
the circle at C, and we are asked to “Write down the
size of angle ABC”).

although Anthony did say, at the very start of tackling
the problem, “We have to do something with O...”, no
one made any reference to the fact that CT is a tangent
and that this could be relevant, till much later. (In fact
one does not need the tangent to answer part (a) of this
question, though in the event the group did make use of
it in their proof.)
The teacher had gone over the various circle theorems
(the statements themselves, not necessarily the proofs)
in the previous lesson and the group had been given a
stapled set of photocopied sheets which outlined the
theorems. However, though the students had a basic
understanding of angle properties (concerning straight
lines, parallel lines and triangles, etc), their knowledge
of the circle theorems was limited and far from fluent.
It is thus not surprising that they were groping their
way to a solution rather than thinking strategically.
It is obviously intended that part (a) is solved by using
the Angle at the centre theorem. However, because of
their lack of familiarity with the theorems, none of the
students in the group saw this. Instead it took them
another 15 minutes to come up with a valid solution
and one they were all reasonably happy with.

I was filming the group and when I was not busy with
the camera I sat with them and listened to their ideas
(and made occasional interjections). The group was
rather diffident, perhaps because of my presence, but
perhaps also because they were not particularly used to
this kind of work and I felt it seemed rather strange to
them. Thus they made slow progress. At the same time,
there was a good cooperative atmosphere and they
were prepared to listen to each others’ ideas - though
they did not always, or immediately, take an idea
further, perhaps because they did not fully understand it
or, as I had found with the pair of girls in the previous
class, because they were preoccupied with their own
ideas.
I saw little sign of strategic thinking in the sense of
deliberately trying to work towards the answer, or back
from it, beyond the normal default strategy of ‘what
can we see?’. There was also little strategic thinking
of the sort, ‘how can we use the givens?’. Thus,

The first idea that surfaced
was that triangle ABC might
be isosceles, with CA = CB.
This came from Alan, who
acknowledged that he was just
“Guessing them two sides are
the same” (see the diagram,
right, annotated with the red
marks). Interestingly, Alan
kept returning to this idea, where a more experienced
student might have realised that this would probably
be fruitless: there is no simple way of determining the
lengths of the sides, so one would have to find equal
angles to show the triangle is isosceles, in the course
of which one would almost certainly find the desired
angle ABC.
Shortly afterwards, Anthony has an insight which
Miles picked up on, even though the conversation was
quite cryptic:
4.

Anth Ah yes, it’s a triangle... 180˚... that means these two
are the same... but they’re divided.
Miles So what’s 180 minus 116?
Alan 64...
Anth So that’s 32 and that’s 32.

What they were discussing
here was triangle AOC, which
is isosceles. However, having
found that the base angles
are 32˚, it did not seem to get
them any further. Miles briefly
wondered whether the angle
at O was twice the angle at
A (which may have been an
attempt to use Angle at the centre). He then started
to go through the circle theorem reference-sheets and
suddenly called out “Anthony, got it!” while pointing
to the Alternate segment theorem. It still took him
a while to apply the theorem to the given problem
(below, left), but he then went on to show that angle
OAB was 64˚ – 32˚ = 32˚ (below, right).

About a minute later (which seemed like an age),
Anthony suddenly noticed the tangent: “Ah! That’s a
right angle. Because of the tangent”. The group then
decided to find the angle
between the tangent and the
chord AC (see diagram, right),
which they did by calculating
90 – 32 = 58. This would now
have allowed them to find the
desired angle at B, by applying
the Alternate segment theorem
again. However, no one saw
this, which suggests there was no purposeful strategy
behind their decision. Thus they would have been
better off finding the unknown
angle on the other side of the
tangent, as this is inside the
triangle ABC (see diagram,
right) and which could lead
them to B by using the more
familiar knowledge about the
angle sum of triangles. Indeed,
this is what they eventually
did (by calculating 90 – 64 = 26). They then went
on to find the whole angle C of the triangle ABC (by
calculating 26 + 32 = 58).
At this stage, Anthony’s diagram looked like this:
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It is interesting to note that Anthony had not yet
marked the size of the total angle at A or the portion
OAB, even though Miles had earlier established (or at
least argued) that these were 64˚ and 32˚ respectively.
There followed a quite lengthy and intense discussion
where the students seemed to be consolidating some
of their earlier findings. Laura expressed uncertainty
about the value of 32 for angle OAB which was shared
by Anthony (perhaps because they were not sure about
the Alternate segment theorem and how to apply it)
and Anthony suggested “We’ve got to find out another
way (to see) if it’s 32”. Alan returned to his earlier
conjecture about the triangle ABC:
I think that’s an isosceles triangle, so that would
be two equal angles and two equal sides. Then that
(angle OAB) could be 26 (ie the same as OCB) or
it could that one (angle ABC) that could be 58 (the
same as angle ACB).

Laura went along with Alan’s suggestion that OAB
could be 26˚ but acknowledged that it was just a hunch.
Alan then repeated the argument he had just made and
at that point I decided to intervene:
Did we not earlier say that this one (angle OAB) was
32˚, but it doesn’t look it. Have you given up on that
because it doesn’t look it?

Anthony bit on this:

I thought this angle (CAB) was corresponding to that
one (TCB) ?

We thus established again (by means of the Alternate
segment theorem, and a bit of prompting from me) that
angle CAB was 64˚ (and that OAB was indeed 32˚).
Anthony jumped in again:
So that’s 58˚ [the desired angle ABC], because the
three angles make 180.

Thus, after about 10 minutes of working on the task,
one of the group had at last found a way of determining
the angle ABC. Anthony explained that he had added
58 and 64 and that if you took this from 180 you got 58
for the angle. Miles seemed happy with this but Alan
and Laura were not sure, particularly about the 64,

which they seemed to think was based on the argument
that the two angles at A are both 32, which of course is
a reversal of Anthony’s argument. Thus Anthony’s use
of the Alternate segment theorem (which he referred
to by talking of ‘corresponding angles’) had not taken
hold. When I pointed to the theorem on the referencesheet Alan confessed that he had not really understand
it when the teacher introduced it in the previous lesson.
To bring matters to a close, I suggested that we
should accept the use of the theorem for now, and that
therefore the desired angle ABC was indeed 58˚. Miles
then noticed that triangle ABC had another angle of
58˚ and said, “If that is 58, that means the triangle is
isosceles”. Thus, Alan’s hunch had been right after all,
except that it turned out that AC and AB were the equal
sides, not AC and BC. No one noticed that the angle
between the tangent and the chord AC was also equal
to angle ABC, so I pointed this out and asked whether
this was just a coincidence. This prompted Miles to
say “It’s like that one and that one, the 64 and 64...”,
in other words another manifestation of the Alternate
segment theorem.
While this closing conversation
was going on, Anthony, with
Laura’s help, had been trying to
sum the angles that the group had
found for triangle ABC. He had
some initial difficulty with the
calculation, but now exclaimed,
“Alan, I’ve got it! 180 in a triangle, so it’s found it”.
It is not entirely clear from this statement whether
Anthony was trying to check the arithmetic that had
earlier been used to find angle ABC (namely, 180
– angle A – angle C), or whether he was somehow
trying to validate the steps used (or the result).
However, his behaviour illustrates a common feature
of this group’s way of working, which we also noticed
with Lorna and Kerrie, and which we have alluded to
before. Namely that the students, though they were
interested in and willing to engage with each other’s
ideas, were also frequently wrapped in their own
thoughts. It is tempting to believe that with effective
group work, students move forward on a common
front. However, perhaps this group’s behaviour gives
a more realistic picture. Students bring different ideas
and understandings to a problem so that as well as
benefiting from each other’s ideas they need space to
develop and clarify their own. This also suggests that
we should be careful not to ask students to work in
groups too soon, ie they may sometimes benefit from
thinking about a problem on their own, before taking
on the ideas of others.
By now the group had spent nearly 15 minutes
discussion this one problem. However, they were
pleased to have found a solution and called over the
teacher to explain what they had done. This gave them

a useful opportunity to rehearse their arguments, and
the account they gave was generally clear and direct,
though in their enthusiasm to explain, they talked over
each other and so did not always stick to a common
thread:
Alan We’ve come to the conclusion that that’s 58 (the
required angle ABC).
Miles That’s 64 [the given angle,
shown right] and that makes
that 64 [angle CAB].
Alan And that’s 58... [see right]
Anth - this is a tangent and so that’s a
right angle and that’s 58 and 32,
that makes 90, and the same with this one, 64 and 26,
so we’ve got 26 and 32... 58...
Alan - and I came to the conclusion that that’s isosceles
[points to sides AC and AB of triangle ABC, below]
Anth - and then...
Alan I’d thought them two
were [AC and CB] but
now it’s them two [AC
and AB] and them two
[OA and OC].
Teacher There is a quicker
way of doing it...!
Miles Yes, 58 and 58 [points
to angle between
tangent and chord AC
and to angle at B].
Anth Yeh, I thought these corresponding [the two angles
referred to by Miles] and so was that [angle CAB]
and that one [angle TCB]...

There followed a discussion on ‘corresponding
angles’ and the group then decided to go on to another
geometry question. This was the same as the first
question tackled by Lorna and Kerrie in the lesson
discussed earlier (see page 4.1), and where the first
part involves the Angle at the centre theorem. Anthony
immediately spotted this:
Ah, that’s twice that one... That’s where we went
wrong on the other one... This is ... er... a ... I can’t
remember the names of them... that’s the problem...

We see here again, the students’ lack of familiarity
with the circle theorems and the frustration this causes.
Nonetheless, Anthony has recognised an appropriate
theorem (even though he can’t name it) and now
realised that he could have used it in the previous
question, which was an impressive breakthrough.
A notable feature of this lesson is that the teacher
allowed students plenty of time to work on the
questions they were given. The group of students
that I observed benefited considerably from this and
their solution to the first problem was a substantial
achievement which they were justly proud of.
However, it has to be said they were severely hindered
by their lack of familiarity with the circle theorems,
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which made it difficult for them to step back from the
task and think about their problem-solving and proof
strategies. Thus, though the circle theorems provide a
potentially rich and challenging context for developing
strategic thinking about proof, one has to think
seriously about whether the effort required to achieve
the necessary familiarity with the theorems will be
worth it and whether one would be prepared to make
available the necessary lesson time.
Before leaving this lesson, we return to an aspect of
the geometry task that was briefly touched on before.
The question, or at least part (a) that was tackled by the
observed group of students, was designed to be solved
by using the Angle at the centre theorem. However,
the group made use of the Alternate segment theorem
instead, and the given fact that the angle TCB, ie the
angle between the tangent TC and the chord CB, is 64˚.
(This theorem and information about angle TCB were
intended to be used in part (b) of the question, which
asks students to prove that triangle ABC is isosceles.)
We know from the Angle at the centre theorem that the
size of the required angle at B is not dependent on the
particular position of B given in the question. B could
move on the arc AC without changing size. However,
if B moved, this would change the size of angle TCB,
ie it would no longer be 64˚. Thus we could give
angle TCB any other convenient value (as long as it’s
valid...), and still use this to find the size of the angle at
B, very much as Lorna and Kerrie had done when they
claimed to have bisected a given angle. (Of course we
could denote the size of angle TCB by x and find the
angle at B algebraically.)
Thus we have the seemingly strange phenomenon that
the two angles whose size is given in the question,
AOC = 116˚ and TCB = 64˚, have very different effects
on other parts of the diagram, and especially on the
position and size of the angle B. Thus, while the size
of angle AOC determines the size of the angle at B, the
position of B is determined by the size of angle TCB.
What seems to be happening here is that the angle TCB
is acting as a dummy variable. The Angle at the centre
and Alternate segment theorems are not independent
of one another - they are founded on the same basic
geometric properties (that radii are equal, that triangles
with two equal sides have two equal angles; that
triangles have a constant angle sum). Thus using the
angle TCB, the angle AOC and the Alternate segment
theorem to find the angle at B is just a long winded way
of using the angle AOC and the properties encapsulated
in the Angle at the centre theorem.
Drawing diagrams We are probably not usually
aware of the kinds of subtleties mentioned above and
it might be unproductive to make too much of them
with our students. However, it would be worth giving
students some sense of how a geometric diagram is
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constrained by the givens and how different features of
the diagram may be constrained to different degrees.
A powerful way to explore this is through dynamic
geometry software, where the construction of a
successful diagram (ie one that is ‘draggable”) forces
one to make explicit the information that is given in a
problem, and where one can vividly show the ways in
which the resulting diagram can vary.
However, the effective use of dynamic geometry
software requires quite a high level of expertise and
it is perfectly possible to explore diagrams without
it. Thus one might simply ask students to sketch their
own diagrams for a geometric task expressed just in
words and compare the results. Or one might challenge
students to draw extreme versions that still fit the
givens. Or one might construct a diagram collectively
and at each step consider what freedom there is in
choosing the next feature (eg a point or line) to add
to the diagram and in determining, say, its location or
size.
For example, here (below) is the diagram from the
previously discussed geometry question. Consider the
task of constructing the diagram from scratch.

One could start by drawing ‘any’ (practicable) circle.
This would determine the position of the centre, O.
What next? One could choose to add point C (with or
without the tangent), or point B or point A. However,
B is somehow difficult (why?!) so let’s choose A which
we are free to place anywhere on the circle. This now
restricts the position of C to two locations on the circle,
such that angle AOC is 116˚. So let’s choose one (and
then also draw the line segments AO, OC and CA).
What about B now? This is constrained by the fact
that the angle between the chord from B to C and the
tangent at C has to be 64˚, so draw the tangent at C
first. The tangent can be of any (practicable) length, so
choose any convenient position for the end point T. The
position of B is now uniquely determined.
It turns out that this diagram is quite highly constrained
- apart from its size and orientation and the length of
the tangent, all legitimate versions would be the same,
ie they would be geometrically similar. This would

not be the case for
the first question
considered in this
chapter (right).
Here, once points
O, A and C are
determined, B can
be anywhere on the
major arc CA and
D anywhere on the
minor arc CA.

obscures or distracts from important features of the
diagram.
Second, there was a tendency to draw lines in a
horizontal or vertical orientation and to introduce
symmetry into the figure, thereby making it less
‘generic’.
Third, students had difficulty using the suggested labels
(A, B, C, etc) to name points in the diagram.

During the project I rarely saw lessons where students
were asked to draw their own diagrams from scratch.
My impression is that this is a neglected area and that
students’ skills in producing geometric diagrams are
generally not well-developed.
One such lesson that I did see involved the second set
Year 10 class discussed earlier. The students had been
given this question (from the Y9 geometrical reasoning
mini-pack published by the DfES in 2002):
Draw angle ABC and a line BD bisecting that
angle. Draw a straight line DE so that DE is
parallel to AB and meets BC at F. Prove that
ΔBDF is isosceles.

The drawings below show four students’ attempts to
draw an appropriate diagram.
Student W

Student Y

Student X

Student Z

Student W has drawn the angle bisector through A
rather than B, but the other three drawings can be
regarded as serviceable first drafts. However, they all
lack clarity for various reasons:
First, instead of just drawing the angle ABC, there was
a strong tendency to join points A, B and C to form a
triangle, with the result that the extraneous side (AC)

This last reason is related to the matter of ‘constraints’
discussed above and concerns labelling conventions
that we rarely make explicit. Though in a sense the
various points in the diagram can go ‘anywhere’ on
the page, the position of some points is more tightly
defined, or ‘dependent’, than others. In this particular
geometry question, the more tightly defined points
are the points of intersection B and F. The other
named points (A and C, and then D and then E) are
used to denote the ends of line segments; they are
not important points in their own right and are only
labelled to make it easy to refer to the segments.
Moreover, there are no overt restrictions on the line
segments’ lengths, so as a segment is drawn, it would
seem that it can be stopped anywhere to create an
endpoint. However, in reality a line segment must
not be too long or too short in relation to other line
segments. Thus for example, having drawn the angle
ABC, if BD is then made too long, the required line
from D parallel to AB (segment DE) will not intersect
BC between B and C as it is meant to, but on BC
produced instead. This has clearly happened in Student
Z’s diagram, where DE (or infact ED produced)
intersects BC on BC produced. Student Y seems to
have faced the same dilemma; here the label “D” has
been rubbed out and the line parallel to AB drawn
further in towards B.
Having constructed the basic diagram, other labelling
dilemmas can arise which are worth mentioning
here (though we don’t offer any resolutions). Thus
for example, it can be helpful to make information
in a diagram more explicit, eg by using arrow heads
to denote parallel lines, or by using identical marks
(small lines, crosses, circles, arcs, etc) to denote
equal angles or line segments. However, one dilemma
here is whether one should only identify information
that is given (eg that DE is parallel to AB), or also
information that is revealed in the course of the proof
(eg that angle ABD = angle BDF, and, ultimately, BE
= BF). The danger is that derived information gets
confused with given information which may lead to the
construction of circular arguments.
As well as using purely visual marks (the small
lines, crosses, etc) it can be helpful to use labels that
can more easily be referred to verbally. This applies
particularly to angles where, for example, it might help
to replace the rather opaque name “angle BAC” with a
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simple “a”. However, if there is now another angle of
the same size, does one also denote it by “a”, in which
case the name becomes ambiguous, or by a different
name, say “b”, in which case the fact of being the same
size is not conveyed?
Many students used a ruler to draw their diagram.
This was often slow and cumbersome, with students
concentrating on specific features of their drawing and
not considering the diagram as a whole. We would
argue that students should be encouraged to start with
a freehand sketch, and to produce several drafts. As
suggested earlier, students should also be given the
opportunity to compare diagrams or to try to draw
different but equally valid diagrams themselves. This
would help them understand that a geometric diagram
is (often) generic and to develop a sense of what a good
generic diagram should look like - ‘ordinary’, ‘typical’,
not showing an extreme case (though an extreme case
can sometimes be illuminating) and not showing a
special case (eg where angles or lines are the same size
when they are not required to be).
In this chapter we have looked at students’ attempts
to construct proof arguments in the field of circle
theorems. Our students were not very familiar with
the theorems, nor did they have much experience of
developing proof arguments in geometry. Regarding
the former, it may be that we should focus on a more
familiar area of geometry - as long as the tasks we set
don’t become so ‘obvious’ that it becomes difficult
to see a potential proof or feel the need for one;
alternatively, we could reduce the number of theorems
students are expected to know, and use these to derive
all the other theorems which are then treated as just a
non-ordered collection of results. (But this would mean
depriving students of the chance to experience a key
aspect of proof, namely that of systematising a body of
mathematical knowledge.)
Regarding the construction of proof arguments, the
struggles but also successes our students had, showed
the importance of thinking strategically when trying to
develop a proof, both about the givens and about the
result being proved: ‘How can I use what I know to get
to the result?’; ‘What would it be useful to know, to get
to the result?’. We did not see much evidence of this
kind of thinking, but this does not mean it cannot be
developed.
We saw some nice examples of students making the
givens more explicit and ‘productive’, by for example
 We might be able to learn from other cultures, here. For
example, the Chinese secondary school curriculum devotes
considerable time to the properties of the parallelogram, which
is a relatively simple area of mathematics, yet students are
presented with some very challenging proof tasks, such as the
two examples shown here (bottom, right of page):
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translating the fact that a point is on a circle into the
fact that its distance from the centre of the circle is
equal to the radius (and hence perhaps equal to other
given lengths). We also saw an interesting way in
which one of our teachers tried to develop this kind of
thinking.
In addition to the givens, proofs are built on other
information that is known or assumed to be true,
in particular other theorems (as well as axioms and
undefined terms). It can be difficult to disentangle
the order in which some of this information has been
derived (as the order may be arbitrary) and this can
readily lead to circular arguments. This raises the
question, should we confront this head on, or should
we try to minimise it happening by, for example,
assigning to fewer results the status of theorem from
which other results are then derived, or by developing
proofs in smaller, more ‘local’ area of mathematics.
The work also highlighted the complex nature of
geometric diagrams, including the issue of labelling
and the different conventions that are used. Students
sometimes made unwarranted assumptions about the
information in a diagram, based on perception rather
than on what was given or could be deduced. However,
this could lead to valid results, in cases where the
assumption produced a special case that did not violate
the givens. This is a fascinating issue but difficult to
disentangle, and is something to which geometry is
perhaps particularly prone.
Students need help in appreciating the generic nature
of geometric diagrams, and a way of doing this is to
think of them dynamically. Students would benefit
from having more experience of drawing diagrams, be
it creating them from scratch, from written information,
or producing variants of a given diagram that remain
valid.

E
Parallelogram Task 1

F

D

Equilateral triangles
are drawn on the sides
of triangle ABC as
shown.
Prove that BDEF is a
parallelogram

B

A
A

Parallelogram Task 2

ABC is an equilateral
triangle, as is AEF.
AD = CE.
Prove that BEFD is a
parallelogram

C

D

F

C

E

B

