3 Making far generalisations to see structure
Tile patterns I visited a lesson where the teacher was
using question A1 (see page 2.3) from the Year 8 proof
test with her students. In contrast to the high attaining
students who took part in the Longitudinal Proof
Project research, this class was a low attaining Year 7
set (set 3 out of 4).

32 white tiles above and below the row, with another 6
along the sides, making 38 white tiles in all.
To push this a bit further, I asked him to consider the
case of 100 grey tiles. The picture below shows the
whole mini white board, with the drawing for this new
case along the bottom.

In the teacher’s version of A1, a row of grey tiles was
to be surrounded by a layer of white tiles. She started
by considering the case of 1 and then 2 grey tiles. This
is what she drew and wrote on the board.

The students were using mini white boards to explore
the situation, which allowed them to take risks as their
work could easily be rubbed out again. I sat next to a
student who had successfully drawn the case of two
grey tiles (below).
As can be seen from
this detail, he had
numbered the white
tiles - perhaps to
indicate how he had
determined the total
or perhaps just to
verifying that the
answer is indeed 10.
To get away from counting and to focus on the
structure instead, I asked him to think of a ‘large’
number of grey tiles. He came up with ‘16’ and so I
asked him how many white tiles this would require.
He started by sketching each individual grey tile.
However, he then adopted a schematic, structural
approach to represent
the white tiles,
rather than relying
on counting. The
numbers written above
the sketch provide
fairly clear markers
of how he arrived at
the total: effectively,
a row of 16 grey tiles
produces altogether

He again produced a schematic diagram, this time for
the grey as well as the white tiles, which clearly shows
the structure of the situation. And to the right of the
diagram he has written the correct number of white
tiles, 206 (the number to the left, 306, presumably
represents the total number of grey and white tiles).
I think that this is an impressive example of what
students can achieve when encouraged to do so.
Of course, this was not an entirely typical situation
- the teacher has high expectations of her class and
in addition this student had an adult sitting with him
taking a sustained interest in his work and giving
encouragement.
Bad hair day I visited another Year 7 set 3 (out of 4)
class in another school, where during the latter part of
a lesson the teacher was using a task she called Bad
hair day. She projected the diagram below on the white
board and explained to the class that she wanted to

know the total number of squares needed for the face
and hair for any given day. Though she presented three
drawings, she only discussed the number of squares
needed for Day 3. She then asked for the number of
squares for Day 6, Day 20 and Day 100, ie she very
quickly asked the students to make far generalisations.
Most students found the number of squares for Day
6 by drawing the configuration and counting squares.
However, as hoped, they adopted more mathematical
strategies for the far generalisations, based on the
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general structure of the Bad hair day pattern. The
students found the tasks challenging. Nonetheless, most
achieved a reasonable degree of success, sufficient
to be encouraged rather than daunted by the task.
(However, students tended to show little working and
to rub-out mistakes, so it is difficult to gauge individual
students’ success solely from their scripts - especially
as they also had the opportunity to change their
answers in the light of the whole-class discussion. The
script below, from student RG, is fairly typical. The
various answers are all correct but some might well
have been changed in the light of the class discussion.)

The script below (for Bad hair day) does show some
working. As well as drawing Day 6, the student
has shown how the result can be calculated (albeit
using rather loose notation: 6 + 6 = 12 + 4). Treated
generically, this would provide a useful model for
calculating other Day totals though it is not clear

whether the student has actually done this. Thus for
Day 20, he has written “20+20” but left out the “+4”
term, though he has written the correct answer. He also
provides a calculation for finding the Day number for
68 squares (which starts, “68−4 64”) though he initially
gives the answer 34 rather than 32. Most interesting,
perhaps, is the nice schematic drawing for Day 100 at
the bottom-right of the page, though again he makes a
mistake, first writing 200 before changing this to 204.

RG’s working down the left hand side shows the
drawing and correct answer for Day 6 and the correct
answers for Day 20 and Day 100. Then at the very
bottom there is a correct formula for Day d which
arose from a teacher-led discussion. The students were
also asked to determine the Day that would lead to 68
squares, and it can be seen that RG initially gave the
answer 34 rather than 32, which was quite a common
response amongst these students. Finally, the formula
in the middle of the page, S = D×3 + 4, is for a variant
task introduced by the teacher, Really bad hair day,
which involved a 4-square face with 3 strands of hair
rather than 2. The script below is rather similar but
contains a nice verbal formula for the Really bad hair
day pattern: “The day number is the number of squares
in a hair. Times it by 3 and plus 4 and then you have
your number”.
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The student below has also changed several of his
answers. He eventually writes the correct answer for
Day 100 though it is not clear where this comes from
- the vertical addition sum shown at the bottom-left of
the page (44+44+44+44+44=220) suggests that at one
stage he might have been trying to evaluate Day 100 by
scaling the result for Day 20.

Overall, I felt this lesson was a great success, even though
the students in this low attaining maths set did make a large
number of errors (which were often to do with keeping track of
information). The students were engaged in the tasks and not
discouraged by the difficulties they encountered. Being asked to
make far generalisations helped students focus on the structure of
the Bad hair tasks and many seemed to gain genuine insight. Of
course students’ responses to this approach varied. For example,
the student whose work is shown on the right seemed completely
to resist the request to generalise, in that he attempted to evaluate
the Day totals by simply counting from one term to the next.
However, such an approach was very rare in this lesson, probably
because the teacher deliberately chose large Day numbers and
avoided asking students to evaluate sequential terms.

The same teacher had also tried the Bad
hair tasks with a Year 9 class (also set 3 of
4). This time students were initially asked
to evaluate the number of tiles for Days 10,
100 and 17. The lesson again worked very
well and the students made fewer ‘careless’
errors than the Year 7 class. They were also
better at writing explanations, as the first
two extracts on the left indicate. Thus for
Day 10, the first student has written a very
clear verbal explanation (“I added two 10’s
on either side and added 4 from the face”)
while the second student has shown very
clear working (“24 10 + 10 + the 4 on the
face”).
On the third extract, bottom left, the student
has attempted to use a scaling method to
evaluate Day 10. Thus he has doubled
the number of squares for Day 5, and so
arriving at 28 rather than 24 squares. This
provoked an interesting class discussion,
with one student saying the method can’t
be right as it would produce a pattern with
two faces. This is an impressive structural
argument, perhaps made easier by the fact
that the Bad hair patterns are figurative
rather than just consisting of abstract
geometric shapes.
In the event, and disappointingly perhaps,
the discussion did not push this student into
looking for a structural method. Instead
he resorted to the safety of term by term
counting, like the Year 7 student above.
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Lyn

Lyle

Matchstick square grids This same teacher also
used a matchstick task with the Year 7 set 3 (of 4) class
who had been given the Bad hair tasks. In one lesson
she gave out an A5 sheet showing two copies of a 3
by 3 matchstick grid. The students were asked to find
efficient ways of finding the total number of matches
and to show this by colouring groups of matches. We
look at the work of three students, Lyn, Lyle and Gail.
In Lyn’s first drawing (above, left) she has structured
the grid into (green) rows and (brown) columns. The
structure in her second drawing is more complex
and can be thought of as an outer (green) border, two
(brown) crosses and two (red) L-shapes. This structure
is probably not easily generalisable, in contrast to the
first one.

Gail

These and other students’ drawings suggest that most
of the students in this low attaining set could find
effective ways of structuring the matchstick array.
However, a follow-up lesson suggests that these
students did not yet have the experience to discriminate
between effective (in the sense of efficient and/or easily
generalisable) and less effective structures. In this
second lesson students were asked to predict and then
find a way of determining the number of matchsticks in
a 4 by 4, a 5 by 5 and a 10 by 10 array.
The extract below shows the first page of Lyn’s work
in this second lesson. As can be seen, her predictions
are not correct: 34 rather than 40 for the 4 by 4 grid;
44 rather than 60 for the 5 by 5; 84 rather than 220

Lyle’s first structuring (above, middle)
consists of rows (blue) and columns (yellow),
like Lyn’s. His second structuring can be
viewed as an outer (blue-grey) border and
two inner (yellow) rows and (blue) columns.
This is again more complex than the first
structure but could be generalised quite
easily.
Finally, Gail’s first structuring (above, right)
appears to be the same as Lyn’s second, ie it
can be viewed as an outer (blue) border, two
(red) crosses and two (blue-black) Ls; her
second drawing is more ambiguous: it can be
thought of as a set of zig-zags (eg, starting
at the top right corner we have zig-zags of
2 blue, 4 red, 6 blue, 6 red, 4 blue and 2 red
matches). However, the numbers written
in the outer squares fit a different (though
equally legitimate) structure.
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Lyn: lesson 2, page 1

for the 10 by 10 grid. However, she is
honest and perhaps confident enough not
to change her predictions. She has a nice,
systematic method for evaluating the 4 by
4 grid, although it does not match either of
the ways in which she structured the 3 by
3 grid in lesson 1. It can be seen from the
way she has coloured her drawing (above)
and from the various 4s written on the
diagram that she has counted the 4 lines of
4 matchsticks around the outside, the 3 rows
of 4 and the 3 columns of 4. She now does
show some consistency in that she uses the
same method for the 5 by 5 grid and does
so successfully (her page 2, shown here on
the right). Moreover she applies the method
to the 10 by 10 grid and at a greater level
of abstraction in that she does this without
a diagram. This is impressive, though she
makes the mistake of thinking there are 10
inner rows and columns rather than 9.
The structures used by Lyle in lesson 2
differ from those in lesson 1, as was the case
with Lyn. Furthermore, he is inconsistent
within lesson 2. His method for the 4 by 4
grid is unsystematic, though he comes close
to finding the right number of matchsticks
(see adjacent diagram). However he does
use a systematic structuring for the 5 by 5
grid and copes with it very well, despite its
complexity (his only mistake is to evaluate
15 × 3 as 48 rather than 45).

Lyn: lesson 2, page 2
Lyle: lesson 2

Lyle’s response for the 10 by 10 grid is
particularly interesting. He draws only a
schematic diagram and it would appear from
this and the numbers he has written nearby
(in particular the four 10s and the 40, and the
calculation 8 × 10 = 80 written twice) that
this time he has come up with a somewhat
simpler and more easily generalisable
structure, namely a border of matchsticks
around the outside, with rows and columns
inside. This is similar to the structure used by
Lyn for the 10 by 10 grid (but whereas she
mistakenly thought there were 10 inners row
and columns rather than 9, he thinks there
are 8). As with Lyn, this attempt to structure
the 10 by 10 grid is impressive and would
seem to indicate the beginnings of a fruitful
generalisation. Moreover, it seems likely that
this was brought on by the teacher’s careful
choice of a grid-size which is relatively large
and therefore difficult and time-consuming
to draw properly. (It is interesting to consider
whether a 20 by 20 grid, say, might have
been even better!)
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It will be recalled that Gail’s ways of
structuring the 3 by 3 grid were fairly
complex and not easily generalisable. This
was also the case in lesson 2. She structured
each grid differently and in the case of the
10 by 10 she tried to incorporate a scaling
method. First she argued that “You can fit 4
5×5 grids” into the the 10 by 10 grid (see the
adjacent diagram), but she then seemed to be
faced with the dilemma of what to do with
the overlaps, indicated in particular by the
vertical blue line. She then tried to use four
lots of 4 by 4 grids, together with a crosspattern of matches in the middle, as can be
seen from her drawing below.

Though Gail did not manage to draw or
construe this cross accurately, and though
this approach can not easily be generalised,
the schematic nature of her diagram is worth
noting: again, it suggests she is beginning
to work at a level which is concerned more
with overall structure than specific detail.
And again it can be argued that being asked
to consider the relatively large 10 by 10 grid
has helped bring this on.
Looking back at these two lessons, it may
well be that there was a tension between
wanting students to produce alternative
ways of structuring a given situation
(lesson 1) and wanting them to generalise
(lesson 2). Finding alternatives can be a
valuable activity. It can be both creative and
empowering and thus highly motivating.
It signals to students that their ideas are
valued and that in mathematics there are not
always unique right methods or answers.
In the present context it can also lead to
challenging work on showing that different
structures are equivalent, which is perhaps
especially instructive once the structures
have been expressed algebraically. Also,
having alternatives allows students to start
to discriminate between them and to begin
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Gail: lesson 2, page 1

to appreciate their qualities, especially in terms of how simple,
systematic and generalisable different structures might be. Having
given the students considerable freedom in these two lessons, a
fruitful next step might be for the class (or teacher) to choose two
of the structures that the students came up with and to consider
how easily each structure can be applied to arrays of different
size. In this way the teacher can make explicit the notion that we
want structures that can be generalised. At a suitable time this can
of course be broadened to include more of the structures that the
students devised.
Red beetles and green beetles I also observed this teacher with
another low attaining Year 7 class (set 4 of 4). The lesson involved
square grids of red
beetles and green beetles
spaced alternately, with
students being asked to
determine the number
of red beetles in a given
array. (The picture shows
a 3 by 3 grid, with redgreen-red on the top row,
green-red-green on the
second row, etc.)

The teacher began by displaying a
single red beetle on the white board,
which she called a 1×1 grid, and asked
the class to predict the number of red
beetles in a 2×2 grid. Of course, at this
stage there was no way of knowing the
answer, which gradually dawned on
the students, especially when the 2×2
grid was revealed and they found their
predictions to be wrong. This sensitised
the class to the question of when and
how can one recognise a pattern. Also,
the students enjoyed their teacher
playing a trick on them, as indicated by
the response to Q2 shown on the right.
And this nicely made the point that
it’s OK to be wrong when exploring a
mathematical situation.

Students were then asked to find ways of ‘counting’ the
number of red beetles for square grids of various sizes.
This is actually quite a complex task as the situation is
different for odd and even sizes.
We also discovered that some students had more basic
difficulties concerned with drawing the patterns. Thus
in the three examples above, the first shows a 10×9
grid, the second a 9×9 though labelled a 10×10, and
the third an 11×10. Also in two of these three drawings
the students had difficulty keeping to the alternating
pattern.
On the other hand some students developed fairly
systematic ways of counting the ‘red’ beetles, as in
the three examples below. In the first, which shows an

Kath

8×8 grid, Kath has determined that there are four ‘red’
beetles in each row. The dots and numbers next to the
grid suggest that she has successfully shortened the
task by counting in pairs of rows, leading to 8, 16, (24),
32 beetles.
The second student below, John, has also counted the
‘red’ (ie blue-green!) beetles in rows. He has drawn
one row too many, but has nicely summarised the totals
(with “4×4” indicating 4 rows of 4 beetles and “4×3”
indicating 4 rows of 3).
The third student, Gina, has counted in diagonal lines.
She starts in an accurate and systematic way, but her
counting breaks down for the last two lines, perhaps
because she is distracted by the surplus row.

John

Gina
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In the next lesson, the teacher gave the students a set
of worksheets designed to help them generalise their
methods of counting. Students were given partially
drawn even (6×6) and odd (7×7) grids which they
had to complete and then write methods for counting
the red beetles. They were then given large partially
drawn even (46×46) and odd (35×35) grids, placed
on the worksheet in such a way that they could not
be completed, but for which they again had to write
methods for counting the red beetles.
The worksheets were very effective, especially the
large grids, which really seemed to help students
think about their methods in more general terms.
However, as we found with students who worked on
the matchsticks tasks, their methods were not always
consistent within or between lessons.
We look first at Kath, who it will be recalled drew
a 7×8 grid and counted the red beetles in pairs of
rows. She tackles the small even grid (6×6) on the
worksheets in a similar way, noting that there are 3 red
beetles in each row, thus making “6×3=18” altogether
(see below). (The last part of her statement seems to be
saying that for an even grid the number of beetles stays
the same as you go “down” the grid row by row.)

Kath uses the same method for the large even grid
(46×46). Her statement (below) that “there will be 23
in each row and there will be 46 rows” is clear and to
the point, and she is obviously not fazed by the fact
that the grid-diagram is incomplete. As can be seen,
she also has a nice way of decomposing the numbers to
perform the calculation 23×46.

For the small odd grid (7×7) Kath switches to a
completely different strategy involving diagonal lines.
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She observes that there is a symmetry about the lines
which she expresses in numbers and in words (below),
but she mistakenly counts the middle diagonal twice.

For the large odd grid, Kath extends the incomplete
grid-diagram slightly, but then gives up. This is perhaps
not surprising, especially if she was intending to use
the diagonals method again - it is difficult to identify
the diagonals and to determine their lengths from such
a diagram. Finally, in the summary (below), Kath has
written “For an even grid: k×k this is the sum you
do”. This is quite an impressive generalisation (albeit
lacking the step of dividing by 2); however several
other students have written almost the exact same
statement, including John and Gail, so we cannot be
sure how meaningful it is to the individual students.
Kath has also added the somewhat cursory statement
“You can use diagonals”, but it is not clear whether this
is meant only for odd grids or even grids as well.

We turn now to John. His response to the small even
grid (below) is slightly different from Kath’s and
from his approach in the previous lesson. Rather than
counting in rows, he seems to have considered the total
number of beetles (“total 6×6”) and then halved the
result (“Half of the beetles are red is 18”).

John did not attempt the large even grid, but for the
small odd grid he uses diagonals like Kath, though
without bringing out the symmetry. He writes
“7+5+3+1+5+3+1=25” which gives the correct

number of red beetles. John also uses this method for
the large odd grid (below). Here he nicely expresses
the symmetry of the diagonal lines, but in doing so
mistakenly counts the beetles on the largest diagonal
twice (“2 lots of 1+3+5+7 + 33+35”). He has also
extended the diagram in a nice schematic way to allow
him to keep track of the diagonal lines.

Sensibly perhaps, Gina does not use partitioning for
the larger grids (at least initially). In the case of the
large even grid (below) she writes the essentially
correct calculation “46×42 = 2116÷2 = 1058” (albeit
containing a transcription error, with 42 written in
place of 46). There is no explanation for the calculation
but it presumably expresses the fact that half of all
the beetles in an even grid are red. Strangely, Gina
has written a second calculation, “23×23 = 529 × 2 =
1058”. This also gives the correct answer and may be
an attempt to generalise her partitioning method for
even grids, but it is difficult to interpret.

In his summary (below), John starts with the same
statement as Kath’s (except using the expression
g×g rather than k×k). Like Kath he has also sketched
diagonals, though in a more deliberately way and
showing a single largest diagonal (which therefore
refers to an odd grid, though he may not be aware of
this). He has also included a nice general expression
(“Total = 2×(1+3+5 + a) − a”) which ties-in with his
diagram and where, this time, he has correctly counted
the largest diagonal just once.

For the large odd grid, Gina writes “35×35 = 1225÷2
612.5” (below). As can be seen, she crosses out her
answer and abandons the problem. Thus it seems she is
attempting to apply the halving method she used for the
large even grid. Her arithmetic is correct, but of course
her modelling isn’t, and it seems she realises this when
she sees her fractional answer.

We turn finally to Gina. She used a diagonals method
in the first lesson, but in contrast to Kath and John does
not do so here, even for the odd grids. For the small
even and odd grids she uses partitioning methods. In
the case of the even grid (below) this leads to four
smaller grids containing 4, 4, 5 and 5 red beetles, and
from this she obtains the correct total, 18.

Gina’s summary is rather unclear. It contains the same
statement as Kath and John, but one wonders what
sense she makes of it. She also tries to incorporate
a partitioning method but symbols written on the
diagram are difficult to interpret, though they do at
least include the operation “÷2”.

Looking back at these two lessons, it might be felt that
the choice of context, involving odd and even grids
which behave differently, introduced an unnecessary
complication - perhaps especially so for a low attaining
class (this was a set 4 of 4), with students who tend
to be error prone and who have much to learn about
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generalising and seeking consistency. However, one should be wary of oversimplifying the work, as so often
seems to happen in mathematics classrooms. The work allowed students to demonstrate some real understanding
of pattern and structure, even if their approaches were not always consistent or exact. The demanding nature of
the work offered excitement and a sense of achievement. Moreover, the students seemed particularly to gain from
the more challenging tasks involving large grids, which forced them to reflect on their methods and to go beyond
counting strategies.
Large triangle numbers We
look briefly at another teacher,
and her use of large numbers.
The teacher was working
with a top set Year 8 class and
introduced them to the notion of
triangle numbers (right) using
the context of a stack of tins.
The class established the number
of tins needed in configurations
made up of 1, 2, 3, 4 and 5 rows.
The teacher then asked for the
number of tins needed for 68
rows. I was surprised by this,
as it is not easy to structure the
situation in a way that produces a
general rule. (The usual way is to
fit together two identical or two
consecutive triangle arrays
to produce a rectangle or square
and to calculate the
‘area’. However,
I didn’t think the
students had had time
to hit upon this.) In
the event, the students
simply found the
answer by adding
successive rows (ie
from row 5 to row
68) with the aid of
their calculators! They
were happy to do this,
and it actually did not
take that long, except
for one student (right)
who recorded each
step (but unfortunately
made a slight mistake
near the end).
 Though seemingly ‘real’, the context was actually highly
impracticable, and I wondered whether using ‘tins’ rather
than dots, say, was really worth it - although it did not seem
to faze the students. For a start, tins are usually stacked in 3-d
pyramids, rather than 2-d triangular configurations which are
much more likely to fall down. Also the way the tins were
spaced in the drawing, the gaps between them were too large for
the tins to stack. Further, configurations were built by inserting
a row underneath the existing stack of tins which would be
difficult to perform in practice.
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The teacher then said she knew a rule for finding the
answer and challenged the class to find the number of
tins needed for 732 rows. This number was big enough
to discourage a term by term approach (even for these
students!). The students tried to find the rule and after
a while the teacher gave the numerical answer so they
could check whether their rule worked. She then threw
down new challenges (111, 222, 17 and 1717 rows).
The class responded enthusiastically and several
students came up with a rule, three of which the teacher
wrote on the board (below). As far as I could tell, the
students worked
inductively, ie
essentially by trial
and error, and
seemed happy to
do so. This is a pity
in a way, as they
were losing out on
the idea of looking
for structure. On
the other hand,
there are situations where an empirical approach is the
only one available and these students have developed a
high degree of fluency in finding rules this way. Also,
having found several possible versions of the rule, this
offers a new challenge of determining whether the rules
really are equivalent (it turns out that one of the above
rules does not quite work).

Painted cube Despite some of the genuine successes that we have described in this chapter, it is of course not
always easy for students to move from a fairly concrete, counting strategy, say, to something more abstract and
with the focus on structure. We round off this chapter by considering some of the difficulties encountered by a
student, Ted, from a middle band Year 7 class. In the lesson I observed, the class was introduced to a Painted
cube task by means of a presentation program showing an animation of a solid cube, made from unit cubes,
being immersed in red paint (see below). (The presentation and accompanying worksheet had been designed by
a teacher from another school with whom this teacher was collaborating and whose lesson using these materials
this teacher had observed.)

The students were assigned to specific groups by the
teacher and each student in a group was given one of
four sub-tasks: to find, for any cube, the number of
unit cubes with exactly 0 or 1 or 2 or 3 faces covered
in paint. Ted, who was described by the teacher as
probably the best mathematician in this middle band
set, was one of those assigned to the 2 faces sub-task,
which was thought to be the most challenging. Students
were given a worksheet to help them explore the
situation and Ted’s worksheet, as it looked at the end of
the lesson, is shown below.

I sat at Ted’s table and periodically spoke with him
about what he was doing, and the teacher also came
over and talked to him on several occasions.
As can be seen from the worksheet, Ted shaded the
desired cubes in blue. At one stage Ted was working
on the 4 cm cube (top right on worksheet) and was
asked by the teacher for the total number of blue cubes.
He decided on
22 and wrote this
next to the 4 cm
cube (right). After
further discussion
with the teacher he
changed this to 24.

The teacher focussed Ted’s attention on determining
“How many edges?” and “How many blue cubes per
edge?”. To help with the first question the teacher
used an actual cube,
and at her behest Ted
was able to point to
and count the edges
quite systematically (4
along the top, 4 on the
bottom and 4 around
the middle). In this way
he successfully
determined that
there were 12 edges in all. He also successfully
determined that there were two blue cubes per
edge and that therefore there were 12 × 2 blue
cubes altogether.
Ted seemed able to use this multiplication strategy
quite fluently with the support of the teacher.
However, he subsequently reverted to a strategy
of counting and adding. He grouped the edges
into four or five sets, found the number of blue
cubes for each set and added the totals. However,
instead of grouping the edges in the systematic
way he had used with the teacher (4, 4 and 4),
he based his grouping on the 2-D representation
of the cubes shown on the worksheet, starting
with groups of visible edges and
then tackling the hidden edges. Thus for
example, in the case of the calculation
shown here (right), which is presumably
for a 9 cm cube, it seems he started with
the 4 edges along the top (28 blue cubes),
the 3 visible vertical edges (21), the two
visible edges along the bottom (14) and
then the 3 remaining hidden edges (21).
A few minutes after Ted’s discussion with the teacher,
the whole class was asked to think about a 10 by 10
by 10 cube. Ted was quick to determine that there
would be 8 blue cubes on an edge, and interestingly
he successfully used the largest cube on the worksheet
to support his thinking, even though it is not the right
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size. Pointing to this cube he said there would be 32
blue cubes on the top edges (he originally wrote down
28, but corrected this to 32,
which he nicely explained
by saying “8, 16, 24, 32”).
He then wrote down another
24, for the three visible
vertical edges, but then
somehow miscounted by
writing 24 and 24 again,
giving a total of 104.
I pointed out that this was not ‘quite right’ and that
perhaps he had made a mistake in counting the edges,
as with his initial answer of 22 for the 4 cm cube. This,
however, did not trigger the multiplication strategy
drawn out by his teacher (ie 12 edges times 8 blue
cubes per edge). I should perhaps have been more
directive at this point, but instead Ted hit on a scaling
strategy, which ironically does involve multiplication,
but which only makes superficial sense in terms of
the geometry of the situation. Ted’s idea was to find
the number of blue unit cubes on a 5 cm cube and
then double this for the 10 cm cube. We have already
described other students’ use of such scaling strategies
and they have been widely reported in the literature.
In the case of ratio relationships, they work (eg, if in a
recipe 5 people need 3 eggs, then 10 people will need
6 eggs). However, applying the strategy here, in the
way Ted suggested, is effectively saying that if a 5 cm
cube has (5 – 2) blue cubes along an edge, then a 10
cm cube will have (10 – 4) blue cubes along an edge,
rather than (10 – 2). Unfortunately, there was not time
to talk this through with Ted and the lesson moved to a
closing plenary session shortly thereafter.
It is difficult to say how easily Ted could be helped
to resolve the various challenges he encountered.
However, we would argue that the challenges
were worthwhile. For a start, he did make a useful
generalisation (that the number of blue cubes on
an edge is 2 fewer that the total number of unit
cubes along the edge); he might also have started to
realise that his method of counting edges was not
very reliable, thus making him more receptive to the
teacher’s idea of finding the total number of edges first.
And even Ted’s doomed use of a scaling method offers
a challenging discussion point and another opportunity
to consider the geometric structure in the situation.
We conclude this look at Ted’s work by comparing
it to the approach used by another group of students.
The students were in a Year 8 top set in the same
school, but with a different teacher. The group worked
just with the sizes of cube shown on the worksheet
and their focus was on the numbers generated rather
 More specifically, it will have 1 white, 3 blue, 1 white,
1 white, 3 blue, 1 white cubes along an edge rather than 1 white,
8 blue, 1 white.
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than on the geometry. They tackled the four sub-tasks
collectively, and like Ted used a step-by-step counting
approach for the numbers of edges, etc, which led to
the occasional error. They produced a systematic record
of their findings, part of which is shown below, at two
points in the lesson:

early in lesson...

a bit later...

Of particular interest are the numbers they found for
the unit cubes with two painted faces (the same task
as Ted’s). Initially they found that there were 16 such
cubes for the 3 cm cube (which is wrong) and 24 for
the 4 cm cube (which is right). This led them to predict
that there would be 32 unit cubes for the 5 cm cube.
They subsequently discovered that this total should be
36, which led them to check their earlier work and to
correct their answer for the 3 cm cube to 12.
A positive aspect of this group’s work was their
readiness to made predictions, to test these and to
revise them as necessary. However, in the rush to
generate numbers and look for number patterns, they
paid minimal attention to the geometry of the situation
and thus had no insight into why their observed
patterns might be right or wrong.
In this chapter we have shown that a diverse range
of students, including those placed in ‘low attaining’
sets, can fruitfully engage with mathematical structure
if encouraged to do so. Students can get considerable
enjoyment and satisfaction from such work, but such
lessons also involve risk and can be messy, with
students meeting challenges which are not always
instantly resolved. We have reported some of these
challenges, eg, moving from specific (and visible)
elements to more abstract, schematic representations;
making far generalisations and developing the notion
that rules can be found that fit the context and apply to
all cases, and that there can be equivalent rules, some
of which may be more efficient or elegant than others.

